The fast multipole boundary element method (FMBEM) [1,2] is a highly efficient BEM and very powerful for large exterior problems in free/semi-free fields, such as outdoor sound propagation problems in large area. However, some issues should be considered when the FMBEM is applied to problems of several hundred meter scale. In the present paper, we basically investigate the applicability of the FMBEM to 2D-like large exterior problems such as outdoor sound propagation in large area. Specifically, we investigate the effect of the problem geometry on the computational accuracy and costs of the FMBEM, and discuss an appropriate setting for the truncation number of infinite expansions with greatly large dimensionless wavenumbers.
Introduction
The fast multipole boundary element method (FMBEM) [1, 2] is a highly efficient BEM and very powerful for large exterior problems in free/semi-free fields, such as outdoor sound propagation problems in large area. However, some issues should be considered when the FMBEM is applied to problems of several hundred meter scale. In the present paper, we basically investigate the applicability of the FMBEM to 2D-like large exterior problems such as outdoor sound propagation in large area. Specifically, we investigate the effect of the problem geometry on the computational accuracy and costs of the FMBEM, and discuss an appropriate setting for the truncation number of infinite expansions with greatly large dimensionless wavenumbers.
On FMBEM

Outline
The FMBEM is a highly efficient BEM with the use of the fast multipole method (FMM). The points of the FMBEM are: (i) application of an iterative method to the linear system obtained from the boundary integral equation, and (ii) efficient calculation of matrix-vector products, which is the largest computational load in the iterative process, using the FMM without producing the system matrix. Calculation of matrix-vector products in the iterative process for the BEM is physically a summation of the potentials from all of the boundary elements. In the FMBEM, boundary elements are grouped using a hierarchical cell structure as shown in Fig. 1 , and contributions from far-field elements are efficiently evaluated by multipole and local expansions. Refer to Refs. [1] [2] [3] for more details.
Two types of FMBEM
Two types of the FMBEM have been proposed: the low-frequency FMBEM (LF-FMBEM) [2] and the highfrequency FMBEM (HF-FMBEM) [1] . They should be used properly with the viewpoint of computational accuracy and costs (i.e., computation time and required memory). The main difference between the LF-and HF-FMBEMs is in the expansion expression of the fundamental solution of the Helmholtz equation, which is the base of the system matrix entries in the BEM.
In the LF-FMBEM, the fundamental solution is represented by a multipole expansion as follows:
where M is the multipole expansion point, In the HF-FMBEM, the fundamental solution is represented by a plane wave expansion as follows:
where points M and L correspond to the multipole and local expansion points, respectively,
k is the wavenumber vector (k ¼ jkj),k ¼ k=k, P l are the Legendre polynomials, N HF c is the truncation number for infinite summation, and H dk represents the integral over the unit sphere.
In each of the expansions, the setting for the truncation number, N (i) Problem geometry: The computational costs of the standard BEM depend only on the number of unknowns N, whereas those of the FMBEM depend not only on N but also on the problem geometry such as the object size, shape, and distribution [4] . This is because the positional relation between cells and boundary elements depends on the problem geometry. When 2D-like large problems such as outdoor problems are analyzed by the FMBEM, the effect of the problem geometry should be sufficiently considered.
(ii) Translation of expansion coefficients: In computation, a finite series of expansion coefficients is translated to another finite series [1] [2] [3] . Numerical error may increase with multiple translations. The degree of the error should be confirmed when large scale problems are analyzed. is too large. Empirical formulae for N HF c have been proposed [5] [6] [7] , while problems of several hundred meter scale are not assumed with these formulae. The applicable range of them should be clarified.
Relation
between problem geometry and computational accuracy/costs Here we investigate the effects of (i) and (ii) in Sect. 2.3. through a numerical experiment.
Analysis cases
All analysis cases are composed of cubes or a rectangular parallelepiped, with the following three points being considered: (i) distribution (1D, 2D, and 3D), (ii) shape (S: Split, M: Multiple, and C: Continuous), and (iii) size (6, 10, and 18 m, in cases of which the distances between objects in 1D-Split models are 4, 8, and 16 m, respectively). Figure 2 shows the analysis cases of 6-m size. An urban area is relatively close to case 2D-M, or case between it and 2D-S. All cases are analyzed as exterior problems. All exterior surfaces have an identical vibration velocity.
Numerical setting
To avoid fictitious eigenfrequency difficulty, the indirect formulation is used with the characteristic impedance of the medium given to all interior surfaces of the objects [2, 8] . Full GMRes is used as the iterative solver with the ILUTð10 À5 ; 50Þ preconditioning and stopping criterion " ite ¼ 10 À6 [9, 10] . Square constant elements of about 16 mm width are used for all analysis cases. The specific element size of each case is so determined that the number of elements is about 100,000 (N ¼ 50;000 when FMBEMs for plane-symmetric problems [11, 12] are used). BE analysis with the same setting is also performed to validate the computational accuracy of the FMBEMs. for keeping accuracy is roughly proportional to D in the HF-FMBEM [3, [5] [6] [7] . In general, the operation count per one cell is proportional to the number of quadrature points K for the unit sphere in Eq. (5), and K / ðN HF c Þ 2 for keeping accuracy [3, [5] [6] [7] . Hence, it is concluded that the main cause for the increase in the computational costs is an increase in N HF c along with the object size. Especially, the size of the largest cells Step 3 Step 2 q
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Step 4 used for computation (i.e., the diagonal length of cells at l ¼ 2, D l¼2 ) greatly affects the computational costs.
4. Improvement of HF-FMBEM applicability 4.1. Effect of cell size on computational costs As presented above, an increase in cell size directly affects the computational costs of the HF-FMBEM. Here we investigate the effect of decreasing the size of the largest cells used for computation on the computational costs. 4.1.1. Numerical setting Case 2 in Fig. 7 shows an analysis case composed of cells farthest from each other in the context of the FMM [7] . We compare the theoretical values of the fundamental solution with points p and q and the corresponding values obtained by the plane wave expansion Eq. (5). We investigate relations among a dimensionless wavenumber kD l¼2 , N HF c , and the computational accuracy of the expansions with two couples of expansion points: M 2 and L 2 at l ¼ 2 (using large cells) and M 3 and L 3 at l ¼ 3 (using small cells). for high accuracy depends not only on kD but also on kr LM [7] . The dependence on kr LM is not considered in the empirical formulae proposed in many references [5, 6] . Moreover, using half-size cells results in a twofold to eightfold increase in the number of cells. From these results, we conclude that it is much more inefficient to simply reduce the cell size with keeping high accuracy.
Applicable range extension of empirical formula for N HF c
An empirical formula has been proposed for N HF c [7] , the validity of which has been confirmed in the range of kD 1;000 [13] , corresponding to f 1;250 Hz with the root cell 100 m on each side. Here we extend the applicable range of this empirical formula, as mentioned in (iii) in Sect. 2.3., based on a numerical experiment. 4.2.1. Numerical setting Figure 7 shows two analysis cases corresponding to Eq. (5). Here cells at l ¼ 2 are used with expansion points M 2 and L 2 . We investigate the effect of a parameter in the following empirical formula [7] :
This formula is known to give a good N HF c with ¼ 0:1 in the range of kD 1;000 [13] . Relative error in amplitude Figure 9 shows relations between in Eq. (8) and the errors by the plane expansion of the fundamental solution G. High accuracy is obtained with ¼ 0 and 0.1 in the range of 1;000 kD 2;000 in both cases, whereas only ¼ 0 (i.e., N HF c % kr LM ) gives high accuracy in the range of 2;000 < kD 4;000 in Case 2. Figure 10 shows numerical results for a 50 Â 50 m 2 real urban area obtained by the LF-and HF-FMBEMs. The numerical setting was identical with that in Sect. 3.2. The element sizes were less than 10 cm and N ¼ 1;646;268. The computation times were about 16 hours with 290 iterations and 9 hours with 392 iterations, respectively, with " ite ¼ 10
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and without parallel processing. Required memories were 34 and 38 GB, respectively, in contrast to about 43 TB required for the standard BEM.
Summary
The applicability of the FMBEM to large outdoor problems was basically investigated. Conclusions are as follows. (i) The computational costs of the LF-FMBEM have no systematic relation with model size (% root cell size) up to 1-km scale models. (ii) An increase in the root cell size directly increases the computational costs of the HF-FMBEM. (iii) It is much more inefficient in the HF-FMBEM to simply reduce the largest cell size used for computation with keeping high computational accuracy. (iv) An empirical formula proposed in Ref. [7] for the truncation number of infinite summation in the HF-FMBEM gives good values for high computational accuracy even in the range of kD 4;000, which corresponds to f 2;500 Hz with the root cell 200 m on each side, if an appropriate value is chosen for its parameter. 
